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The problem of modelling the motion of a force disturbance in an elastic medium that is heterogeneous over its depth is
investigated. It is in an antiplane formulation in a moving system of coordinates that all possible versions of the ratio of the velocity
of motion of the surface point shear load to the velocities of the shear waves in the layers of the two-layer elastic base are examined.
Cases of a subsonic regime (SBR) in the upper and lower layers, of a supersonic regime (SPR) in the upper layer and an SBR
in the lower layer, and of an SBR in the upper layer and an SPR in the lower layer are studied using the Fourier transform and
the theory of residues. The last two cases are extremely interesting from the mathematical point of view, as here, on the boundary
between the layers, the solutions of elliptic and hyperbolic equations meet, and previously unknown features arise in the
displacements that, it seems, should also occur in the solution of the corresponding plane problem. The case of an SPR in the
upper and lower layers is investigated using a special method for successive allowance for the incident, reflected and refracted
shock wave fronts. In all cases, expressions are obtained for the displacements in the layers, and their characteristic features are
investigated. © 2001 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Consider a two-layer elastic base. The upper layer (1) has a height 4, and the lower layer (2) has a height
H. The lower layer is restrained by the base, and complete adhesion is achieved between the layers.
We will introduce the coordinate system Oxyz, as shown in Fig. 1, moving in the direction of the x axis
at a velocity v. We will assume that a point shear load T acts on the base at the pointx = 0,y = &,
referred to unit length and independent of z.

Suppose ¢; = YGy/p, and ¢; = ¥V G,/p; are the velocities of propagation of shear waves in the layers,
where G, G, and p;, p, are their shear moduli and the densities of the materials. When v < ¢; and
v < ¢y, to solve the problem we will have the equations
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When v > ¢; and v < ¢,, in the first equation of (1.1) it is necessary to replace y by iys, and when
v < ¢; and v > ¢, in the second equation of (1.1) we must replace 3 by i8., where
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When v > ¢; and v > c,, these replacements in both equations of (1.1) must be carried out
simultaneously.

The boundary conditions of the problem have the form
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y=-H: w;=0

y=0: wy=wy va'z) = ‘Cﬁ) (1.3)
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y=h: "(yz = Td(x)

where &(x) is the delta function.

2. THE CASE OF AN SBR IN THE UPPER AND LOWER LAYERS

Suppose v < ¢ and v < ¢;, where both Eqs (1.1) are equations of elliptic type. We will seek a solution
of the problem in the form of Fourier integrals [1]
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yvj = E_L“/j(a' y)e wda (2.1)
From Eqs (1.1) we have
W, (a, y) = A, (a)sh(oyy) + B (a)ch(oyy) 2.2)

W, (., ¥) = A, (o) sh(ady) + By (o) ch (ady)
Satisfying boundary conditions (1.3), we find 4;(a) and B;() and obtain
)= e | e e
A, (o, y) = ksh(oyy)ch (adH) + sh (adH ) ch (aryy)
A,(at, y) = sh (0By)ch (08H ) + sh (8H)) ch (ady)
A(a) = kch(otyh) ch (08H) + sh(ayh)sh(abH), k=G, /(GY)

2.3)

We will expand the integrals in (2.3) in residues. It can be shown that the roots of the transcendental
equation A() = 0 in the complex plane z = ayh are single imaginary roots. They are given in Table 1
for certain values of the parameters k and [ = 8H(yh), wherer = 0, 1, ...

Denoting by o = ia, (s = 1, 2, ...) the roots of the equation A(c) = 0 lying in the upper half-plane,
we obtain

T 3§k sin(oL, ) cos(a,BH) + sin(ct,8H)cos(@, 1) -a,ix

wy = ——
GY s=1 a;D(a;)

. = T i sin(0t8y) cos(a,OH) + sin(at SH ) cos(a,dy) o-ashil (2.4)
2T Gy S a,Da;)

D(a,) = (kyh + 8H)sin(c, Yh) cos(a,0H ) + (kOH + yh)sin(o ,8H) cos(a,Yh)
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Table 1
k =2 =1 =1
2 *i(0.6154797 + mr) +i(0.9553166 + 1r) +i(1.2309594 + 117)
1 *i(n/6 + 1) *i(n/4 + ) +i(n/3 + )
1, +i(0.4205343 + ) +i(0.6154797 + nr) +i(0.8410687 + mr)

Since a, ~ 1s when s — oo, it is not difficult to establish that the series for w; converges to a continuous
function at all 0 <y < 4 and |x| < eo, excluding, when y = h, the neighbourhood of the pointx = 0,
where it behaves, apart from a factor, as —In|x|. The series for w, converges to continuous function
forall -H <y < 0and |x]| < .

3. THE CASE OF AN SPR IN THE UPPER LAYER AND AN SBR IN THE
LOWER LAYER

Suppose v > ¢; and v < ¢,, where Eqgs (1.1) are equations of hy;i)erbolic and elliptic type respectively.
In formulae (2.3) it is necessary to replace y by iy+, and k by mi™", where m = G,8/(Gy+). As a result

we will have

T Aj(a-)’)

Wj = e—iw‘d(l (3.1)
2rG\Y. + OA(O)

A (o, y) = msin(ay,y) ch(adH ) + sh(adH ) cos(ay, y)
A, (o, y) = sh(ady) ch(adH) + sh(adH) ch(ady)
A(o) = mcos(aty k) ch(odH ) - sin(ay 1) sh(odH)

We will expand the integral in (3.1) in residues. It can be shown that the transcendental equation
A(a) = 0 in the complex plane z = oy« will now have single roots that are both imaginary and real.
They are presented in Table 2 (the imaginary roots) and in Table 3 (the real roots) for certain values
of the parameters m and n = §H/(y-h), where r = 0, 1, ... The integration contour I in (3.1) will be
selected so that it proceeds along the real axis, bypassing the real poles from above when x < 0 and
from below whenx > 0.

Denoting by o, = ig; (s = 1, 2, ...) the imaginary roots lying in the upper half-plane, and by
Bs (s = 1, 2, ...) the real roots in the right-hand half-plane, we obtain

Table 2
m n=2 n=1 n= 1/2
2 +i(0.9639096+ nr/2) +i(2.0205285 + mr) +i(4.0684198 + 27tr)
1 +i(1.1256602 + nr/2) +i(2.3470456 + ) +i(4.7122275 + 2nr)
b2 +i(1.3084609 + nr/2) +i(2.6741290 + ) +i(5.3558443 + 2nr)
Table 3
k n=2 n=1 n="1
+(1.1162877 + ) +(1.1786902 + mr) +(1.2934123 + )
+(0.8226173 + mr) +(0.9375520 + ) +(1.1051875 + ar)

7 +(0.5559512 + ) +(0.6941913 + nr) +(0.8797559 + r)
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" = T {i msh(a,y.y)cos(a,5H) + sin(a, 8H)ch(aﬂ.y) a1l _
GyY. 5=t a;D(a;)
£ g o
v, = GITY * { Si, sin(a,8y) cos(a; Szl)l;r(:n;(a 8H)cos(a,8y) -a,1xi _ (3.2)
E

D(a,) = —(my.h+8H)sh(a,y,h)cos(a,0H) + (m8H - y,hych(a,y,h)sin(a,dH)
D,(B,)=—(my s +8H)sin(B,y.h) ch(BSH) + (mBH - y.h)cos(B,y,h)sh(B,5H)
Since a, ~nis/n as s — oo, it is not difficult to show that the first series in the expression for wy converges
to a continuous functlon for all 0 = y < h and |x| < o, with the exception, when y = A, of the

nelghbourhood of the point x = 0, where it behaves, apart 'from a factor, as —In |x|. With regard to
the second series in wy, taking into account that f8; ~nis when s — oo, it can shown that its principal part

comprises the function
— m ln2cos(t‘ —2')— ln?.cos(r+ -Zr)l +
2(mdH ~v.h) 2

_+1, —4r I{}x]
4! +t2 } (,t=;[7x*—iyn (3.3)

wherer=0,1,... ,and-1<t_<landO<t, <1lwhenr=0,and (2r-1) <t. < (2r + 1) when
r = 1. Thus, the second series in wy has discontinuities of the first kind of the sgn type and discontinuities
of the second kind of the logarithmic type on the lines

Ixl=y.y+Q@rFl)Y,h (r=0,1,..., O<y<h) (3.4

When y = A, the principal part of the second series in w; comprises the function

t~2r—1 _bxl
2(mSH —Y.h) (’ Y.h) (3:5)

wherer =0, 1,...and 2r <t < 2r + 2, and when y = 0 it comprises the function

_t=2r 36
2(mdH - y,h) (3.6)
wherer =0,1,... ,andhere0 <t < 1whenr=0,and 2r-1 <t < 2r + 1 when r = 1. Thus, when

y = h, the second series in w; has discontinuities of the first kind of the sgn type at the points
|x] = @r + 2)y+h (r =0, 1,...) and a break at the point x = 0, and when y = 0 it has discontinuities
of the first kind of the sgn type at the points |x| = (2r + 1)y:h (r=10,1,...) and a break at the point
x = 0. Discontinuities of the second kind of the logarithmic type m wy do not reach the surfaces y=h
andy = 0.

Results (3.3)~(3.6) can be arrived at on the basis of the relationships in [2, (1.441 (1, 3, 4))].

The first series in the expressmn for w, converges to a continuous function for all -4 <y < 0 and
|x| < oo. The second series in w; converges to a continuous function at all -H <y < 0 and |x| < o;
when y= 0 it chiefly comprises the function (3.6), i.e. it obviously behaves in the same way as the second
series in w; wheny = 0. ,
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4. THE CASE OF AN SBR IN THE UPPER LAYER AND
AN SPR IN THE LOWER LAYER

Suppose v < ¢; and v > ¢, where Eqs (1.1) are equations of elhptlc and hyperbolic type respectively.
In formulae (2.3) it is necessary to replace & by i8. and k by —pi ', where p = G,8./(GY). As a result
we will have

A,l(a’ y) —ioex g
e aw

s £A 1N\
w; = 4.1)
! ZRG,‘Yi'- aA(o)
A fo, v) = pshiow)cos(ad, H) +sin( ﬁ H)ch(oyy)
(&, y) = psh{@yy)cos (00, A )+ (0o,r1) oyy)

A, (0, y) =sin (ad,y)cos (0B, H) +sin (ad, H) cos (08, y)
A(0) = pch(oyh) cos (ad, H) + sh (aryh)sin (03, H)

We expand the integrals in (4.1) in residues. It can be shown that the transcendental equation
A(c) = 0 in the complex plane z = oyh will again have single roots that are both imaginary and real.
They are presented in Table 3 (the imaginary roots, m = p, n = g, before all values it is necessary to

add tha o n et ~F 1 2
add the square root of -1, {) and in Table 2 (the real roots, m = p, n = g, before all values it is necessary

to remove the square root of -1, i.e. i) for certain values of the parameters p and g = 8-H/(yh), where

r=290,1,... We will again select the contour of integration I" in (4.1) so that it proceeds along the real

axis, bypassing the real poles from above when x < 0 and from below when x > 0.

Denoting by o, = ia, (s = 1, 2, ...) the real roots lying in the upper half-plane, and by
lroots i rig

B(c=12 Y the ht hand half-nlane, as above, we obtain
B2 (s 1,2,...) the ght-hand half abo

1 ro0ts 1n the G Railmpialit o oall

T [g psinap)ch(a,8,H)+sh(a8.H)cos(@ W) —a,isi _

W, = G"Y SL'l a D(a )
"‘I\Ps' .Y)
——==sin(B IXI)}
5= BsD (Bs : (42)
T [= sh(o,8,y)ch(ad,H)+sh(ad,H)ch(a,8.y) -ax
wy=——1X € -
GI‘Y {S=l asD(as)

2 8B,
Z B.0.6,) P 'x')}

D(a,) = (pYh+8.H)sin(o Yh)ch(a,8,H) — (pd,H — Yh)cos(a,yh)sh(a, b, H)
D,(B,) = (pyh+ 8.H)sh(B,yh)cos(B,5,H) - (p8,H - Yh) ch(B,yh)sin(B,5.H)

=

Since a, ~ ms when s — oo, it is not difficult to establish that the firs the expression for
converges toa continuous functlon forall0 sy =<hand |x| < e, with the exception of the nelghbourhood
of the point x = 0, where it behaves, apart from a factor, as Z1n lxl As regards the second series in
w, taking account of the fact that 3; ~ 7ts/g when s — oo, it can be shown that for all 0 <y < & and x|
< oo it converges to a continuous function. Wheny = A, this series chiefly comprises the function (3.5),
where now ¢t = n|x|/(8.H). Thus, whey y = h, the seocnd series in w, has discontinuities of the first
kind of the sgn type at the points |x| = (2r + 2)8.H(r = 0, 1, ...) and a break at the point x = 0.

It is interesting to note that, for the two different cases (U > ¢}, ¥ < ¢y and v < ¢y, ¥ > ¢3), the
behaviour of wy wheny = A is the same.

The first and second series in the expression for w, converge to continuous functions for all
-H<y=<0and |x| <eo.

st series in the expression for wy

5. THE CASE OF AN SPR IN THE UPPER AND LOWER LAYERS
Suppose v > ¢, and v > ¢,, where both Eqgs (1.1) are equations of hyperbolic type. We will present the
solution of Eqs (1.1), with ¥ = jy. and § = i8., in the d’Alembert form

= fix=Y. )+ g (x+7.y), wy=fH(x=-8,y)+g,(x+8,y) (5.1)
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To determine the functions occurring in (5.1), we will use the method [3] of successive calculation
for motion along the x axis in the negative direction from x = 0 of the incident, reflected and refracted
shock wavefronts, employing a linear combination of the discontinuous function
0 (x>0

Ml(x)= {—I (x<0)

(5.2)

of different arguments. Note that, in this case, account is taken of the fact that there is no motion of
points in the two-layer base when x > 0.
Further, without loss of generality in the reasoning, for simplicity we will assume that 4 = H.
Suppose ¢; > ¢y; then the angle of refraction of the shock wavefronts in the lower layer will be greater
than their angle of incidence in the upper layer (Fig. 2), and when x > —4y.h the functions f}, f, g; and
g2 1in (5.1) must be taken in the form

L =v.)=AMx - y.(y — )+ AJ1[x - v.(y—3h)}

g (x+v.y)=Blx +v.(y+ W)+ BIllx +v,(y + 3h)]

H(x=8,y)=C(x -3,y +y.h)+ CI{x -8,y +37.h) (5.3)
g,(x+8,y)= DTIx +8,(y+2h)+7.h] |

Assuming that 3y./2 < &+ < 2y, and then determining the coefficients 4, A5, By, B3, Cy, C; and D, in
(5.3) from boundary conditions (1.3), the last of which can be written in the form

Y.Gl=-f(x = v.h)+ g (x +7,.h)] = TTI(x) (5.4)

we finally obtain

1k,
ke Mix =y (y=3R))+

w =—
! 1+k,

{H[x -v.(y—h)]+

IREJ

1-k 1-k
—T[x+v,(y+h)]+ >
+l+k, [x+Y.(y+h)] (l+k

2
) Mx+7v.(y+ 3h)]]

*

(5.5)

Mix+8,(y+2h)+Y.hl+

T 2 2
=— {x~8,y+v.h)~
"2 GY. {l+k, (5= 8y + 7.1 [+k,

21 =k.) G,5.
M(x=8.y+3y.mb |k, =
Tk ET Oy )} [ G,Y.)

Now suppose ¢; < ¢; then the angle of refraction of the shock wave fronts in the lower layer is less
than their angle of incidence in the upper layer (Fig. 3), and when x > —3y.h the functions f; and g, in
(5.1) must be taken in the form (5.3), while the functions g, and f, must be taken in the form

y T /
A‘Y*h —2y«h ,/ /
NOVAVA
—3'Yuh —'Yth X

—Yuh—84h /

Fig. 2
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&(x+v.y)=BIlx+7v,(y+ W]+ BIllx +y.(y + h) +25,h] (5.6)
fz(x - 6#)’) = C'| l'l(x - 8.)’ + Yth)+ C2H[X - 5-()’ - 2h)+ Y*h]

Assuming that y« > 8+ > 2y+/3, and then determining from boundary conditions (1.3) the coefficients
Ay, Ay, By, By, Cy, C; and Dy, we will find, for wy and w,, relations that differ from (5.5) by having the
final term in brackets replaced respectively by

4k,

_ 201—k,)
(1+k,)*

N{x+7v.(y+ h)+28,4), 0+ E)

M{x ~8.(y = 2h) + 7, h] .7)

In conclusion, we note that, in all cases of the relation of v to ¢; and c,, the change to an examination
of the antiplane problem of the motion over a two-layer base of a shear load distributed along x is obvious
in view of the superposition principle. In this case, all the discontinuities in the displacements will
disappear, but similar discontinuities will remain in the stresses, including infinite discontinuities of the
logarithmic type in the case when v > ¢; and v < ¢; inside the upper layer. This fact is of interest from
the viewpoint of seismology problems.
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